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Boston [2] asked a question concerning the existence of unramified p-extensions,
which is closely related to the FontaineMazur conjecture. In this paper we
produce some sufficient conditions for the answer to Boston’s question to be affirm-
ative. This implies, as a special case, the answer to Boston’s question for K and p
is affirmative when p and l are distinct odd primes such that the order of p mod l
is even and K is an abelian l-extension over Q.  1996 Academic Press, Inc.
Fontaine and Mazur have conjectured that there does not exist an
everywhere unramified p-adic representation of the absolute Galois group
of a number field with infinite image. In [2] Boston pointed out that this
conjecture is closely related to the existence of unramified p-extensions of
a certain type, and introduced the following question.
Question. Let K be a number field, p an odd prime, and K( p) its p-class
field. Suppose that the class number of K( p) is divisible by p. Then is there
always an everywhere unramified extension M of degree p of K( p) such that
M is Galois over K and exp(Gal(MK))=exp(Gal(K( p)K))? The ‘‘exp’’
stands for the exponent of the group.
Concerning this question, Boston [2] noticed that the truth of the
FontaineMazur conjecture implies an affirmative answer, when K has an
infinite p-class field tower. In this paper we produce some sufficient condi-
tions for the answer to Boston’s question for K and p to be affirmative by
means of the result proved in a previous paper [5]. This implies, as a spe-
cial case, the answer to Boston’s question for K and p is affirmative when
p and l are distinct odd primes such that the order of p mod l is even and
K is an abelian l-extension over Q.
The author is deeply grateful to Professor Noboru Ito for his valuable
advice.
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1. Some Lemmas
In this section, we establish some lemmas concerning embedding
problems, class numbers, and groups. The following lemma is the main
theorem in a previous paper [5].
Lemma 1 ([5; Theorem 8]). Let p be an odd prime, k be either the
rational number field Q or an imaginary quadratic field with class number
prime to p ( p not equal to 3 when k=Q(- &3)). Assume that the Galois
extension LKk satisfies the following conditions (1) and (2).
(1) The degree [K : k] is prime to p;
(2) LK is an unramified p-extension.
If there exists a non-split central extension 1  Zp Z  E 
Gal(Lk)  1, then there exists a Galois extension MLk such that the
Galois group Gal(Mk) is isomorphic to E and that ML is unramified.
Lemma 2 (Fro hlich [3; Theorem 3.2 Corollary]). Let l and p be distinct
primes, and Kk be an abelian extension whose degree is a power of l. Let
K (i) run through all the cyclic fields over k in K, and hp , h (i)p be the p-part of
the class number of K, K (i) respectively. If K (i) is contained in exactly ri fields
in K which are cyclic over k and of relative degree l over K (i), then
hp=>i (h (i)p )
1&ri.
Let l and p be distinct odd primes. For each positive integer i, fi denotes
the least positive integer that satisfies the condition p fi#1 (mod l i).
Lemma 3 ([5; Proposition 6]). Let LKk be a Galois extension satis-
fying the following conditions (1), (2), and (3).
(1) Kk is an abelian l-extension;
(2) LK is an elementary abelian p-extension;
(3) There is no Galois extension L1k such that L#L1#K and L1 is
not equal either to L or K.
Let l e be the exponent of Gal(Kk). Then the degree of LK is equal to one
of p, p f1, ..., p fe. If p1 (mod l ) and the degree of LK is p, Gal(Lk) is
isomorphic to the direct product of Gal(LK) and Gal(Kk).
Lemma 4. Assume that f1 is even. Let X be an abelian group whose order
is a power of l, and Y an abelian group isomorphic to (ZpZ) fi for some i.
If G is an extension of Y by X, then the second cohomology group
H2(G, ZpZ) is non-trivial.
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Proof. By Hall’s theorem concerning the decomposition of the
cohomology group,
H2(G, ZpZ)$H2(Y, ZpZ)X H2(X, (ZpZ)Y),
(cf. Babakhanian [1; 55.1]). Since the order of X is prime to p,
H2(X, ZpZ)=0. Then,
H2(G, ZpZ)$H 2(Y, ZpZ)X.
Since Y$(ZpZ) fi, it is well-known that
H2(Y, ZpZ)$(ZpZ)( fi ( fi+1))2.
It is easy to see that there exists a non-negative integer r such that fi=l rf1 .
By the assumption, f1 is even, then ( fi ( fi+1))2 is not divisible by f1 .
Thus
p( fi( fi+1))21 (mod l ). (1.1)
Now, we consider the orbit decomposition with respect to the action of X
to H2(Y, ZpZ);
H2(Y, ZpZ)=H2(Y, ZpZ)X _ X } t1 _ } } } _ X } tm ,
where the cardinality of X } ti is divisible by l. Then, by (1.1), we have
completed the proof of Lemma 4.
Lemma 5. Assume that f1 is not equal to 1. Let G be a group satisfying
the following conditions (1), (2), and (3).
(1) The p-Sylow subgroup Gp is normal and an elementary abelian
p-group.
(2) The quotient group GGp is a cyclic group of order a power of l.
(3) [x # Gp ; _x_&1=x for every _ # Gl]=[1], where Gl is an l-Sylow
subgroup of G.
If 1  A  E  G  1 is a central extension such that A is a cyclic group
of order p, then the exponent of the p-Sylow subgroup Ep is p.
Proof. The proof is by contradiction. Assume that the exponent of Ep
is not p. Since Ep is class 2, W=[x # Ep ; x p=1] is a subgroup of Ep such
that the index [Ep : W] is equal to p. Since Gl acts on Gp without fixed
point, the cardinality of Gp is equal to p f1s for some positive integer s.
Hence that of W is also equal to p f1s. In a canonical way, Gl acts on W
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by conjugation. Then the centralizer WGl=[ y # W; _y_&1= y for every
_ # Gl] contains A. Since WWGl is isomorphic to a subgroup of Gp , Gl acts
on WWGl without fixed point by the assumption (3). Hence, by using the
theorem of Maschke, the order of WWGl is a power of p divisible by f1 .
So the order of WGl is a power of p divisible by f1 . Since f1 is not 1, WGl
is strictly larger than A. This contradicts the assumption (3). We have thus
proved the lemma.
2. Unramified p-Extensions of Exponent p
In this section, let p and l be distinct odd primes, and k be either the
rational number field Q or an imaginary quadratic field with class number
prime to p ( p{3 when k=Q(- &3)). For each positive integer i, let fi be
the least positive integer that satisfies the condition p fi#1(mod l i).
We shall prove the following theorem, the main result of this paper.
Theorem. Let k and f1 be as above. Assume that f1 is even, and Kk is
an abelian l-extension. If the class number of K is divisible by p, then the
class number of the Hilbert p-class field of K is also divisible by p and there
exists an unramified non-abelian p-extension MK satisfying the following
conditions (1) (2);
(1) Gal(MK) is an extension of ZpZ by (ZpZ)r for some r, that is
to say, 1  ZpZ  Gal(MK)  (ZpZ)r  1 is exact,
(2) exp(Gal(MK)) is p.
Proof. By Lemma 2, there exists a field K1 satisfying the following
conditions (1) (2);
(1) k/K1/K and K1 k is cyclic,
(2) the class number of K1 is divisible by p, and that of K2 is not
divisible by p for any field K2 such that k/K2/K1 (K2{K1).
Then, by virtue of Lemma 3, there exists a Galois extension L1 K1 k
such that L1 K1 is unramified and that the Galois group Gal(L1 K1) is
isomorphic to (ZpZ) fi for some i.
By Lemma 4, the second cohomology group H2(Gal(L1 k), ZpZ) is
non-trivial. Hence there exists a non-split central extension 1  ZpZ 
E  Gal(L1k)  1. By Lemma 5, the exponent of Ep is equal to p, where
Ep is the p-Sylow subgroup of E. Assume that Ep is an abelian group. By
Lemma 3 combined with the assumption f1 is even, Gl acts on Ep with fixed
point. Then we can take an unramified extension of degree p of k. This
contradicts the assumption about the class number of k. Then Ep is a non-
abelian extension. By Lemma 1, there exists a Galois extension M1 L1 k
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such that the Galois group Gal(M1 k) is isomorphic to E and that M1 L1
is unramified. Since Gal(M1KK)$Gal(M1 K1)$Ep , we have thus proved
the theorem.
The following corollary is an immediate consequence of this theorem.
Corollary. Let k and f1 be as above. Assume that f1 is even. If Kk is
an abelian l-extension, then the answer to Boston’s question for K and p is
affirmative.
Proof. Let MK be a Galois extension as in Theorem, and K( p)
be the Hilbert p-class field of K. Since Gal(M } K( p)K) is isomorphic
to a subgroup of the direct product Gal(MK)_Gal(K( p)K),
exp(Gal(M } K( p)K))=exp(Gal(K( p)K)). Then M } K( p) is a required
extension. This completes the proof of Corollary.
Remark. Let Kk be a quadratic extension. In the previous paper [4],
we proved that if the p-rank of the ideal class group of K is greater than
or equal to 2, then there exists an unramified extension MK such that
Gal(MK)$(x, y | x p= y p=zp=1, xyx&1= yz, xz=zx, yz=zy).
Hence the answer to Boston’s question for K and p is affirmative.
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